Translation note: I have chosen to preserve the original formatting and notation rather than modernize it, so the reader might consult the original paper in parallel easily. I hope Matsushima would approve. . We can therefore define the structure of a complex Lie algebra on a by declaring √ −1ξ = Iξ for every ξ ∈ a. A Kähler manifold is by definition a pair (V, g) where V is a complex manifold and g a Kähler metric on V . We denote by g the Lie algebra of Killing vector fields on (V, g). We will see that when V is compact, g is a subalgebra of a (Lemma 3). We say that a compact Kähler manifold satisfies the condition (P) if a = g ⊕ Ig. This condition means that the complex subsubspace of a spanned by g agrees with a. If a compact Kähler manifold satisfies condition (P), the Lie algebra a is reductive. Indeed, as the manifold V is compact, the largest isometry group of (V, g) is compact and its Lie algebra which one identifies with g is reductive. If we denote by g C the 1 All manifolds considered are assumed to be connected and tensor fields infinitely differentiable.
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Let V be a complex manifold 1 and I a tensor field of type (1, 1) giving the complex structure of V . A vector field ξ is said to be conformal if I[ξ, η] = [ξ, Iη] for every vector field η on V . We denote by a the collection of all conformal vector fields on V . If V is compact, a is finite dimensional and identified with the Lie algebra of the Lie group A(V ) of complex automorphisms of V [2] . Additionally, if ξ, η ∈ a, we have Iξ, Iη ∈ a and I[ξ, η] = [ξ, Iη] = [Iξ, η]. We can therefore define the structure of a complex Lie algebra on a by declaring √ −1ξ = Iξ for every ξ ∈ a. A Kähler manifold is by definition a pair (V, g) where V is a complex manifold and g a Kähler metric on V . We denote by g the Lie algebra of Killing vector fields on (V, g). We will see that when V is compact, g is a subalgebra of a (Lemma 3). We say that a compact Kähler manifold satisfies the condition (P) if a = g ⊕ Ig. This condition means that the complex subsubspace of a spanned by g agrees with a. If a compact Kähler manifold satisfies condition (P), the Lie algebra a is reductive. Indeed, as the manifold V is compact, the largest isometry group of (V, g) is compact and its Lie algebra which one identifies with g is reductive. If we denote by g C the 1 All manifolds considered are assumed to be connected and tensor fields infinitely differentiable.
complexification of g, g C is also reductive. Since we have a = g ⊕ Ig, there exists a natural homomorphism of g over the complex Lie algebra a and consequently a is reductive. Conversely, let V be a compact complex manifold whose Lie algebra a is semi-simple and suppose that V admits a Kähler metric h. Let A 0 (V ) be the largest connected group of complex automorphisms and G a maximal compact subgroup of A 0 (V ). For every σ ∈ G we denote by σ * h the pullback of h. σ is an analytic homeomorphism of F, σ * h is also a Kähler metric of F . If we put g = G σ * h · dσ, g is a K ahler metric invariant under G. Let g be the Lie subalgebra of a corresponding to the subgroup G of A 0 (V ). As G is a maximal compact subgroup of A 0 (V ), g agrees with the Lie algebra of all Killing vector fields of the Kähler manifold (V, g). As the Lie algebra a is complex and semi-simple and G is a maximal compact subgroup A 0 (V ), the complex subspace of a spanned by g coincides with a. (V g) thus satisfies condition (P).
Let g be a Kähler metric on complex manifold V . We say the metric g is Einstein if
. . , 2n where 2n = dim V ), where R ij denotes the components of the Ricci tensor and λ 0 is some real number. We will show the following theorem:
) be a compact Kähler manifold whose metric g is Einstein. Then (V, g) satisfies condition (P) and consequently the group of complex automorphisms of V is reductive. Now let (V, g) be a compact Kähler manifold. By duality via the metric g there corresponds to every vector field on V a 1-form. We designate by a * (resp. g * ) the vector space of 1-forms corresponding to vector fields in a (resp. g). The 1-forms belonging to a * (resp. g) will be called conformal forms (resp. Killing forms). We will show the following theorem: Theorem 2. Let (V, g) be a compact Kähler manifold and suppose that the first Betti number of V is zero. Then for (V, g) to satisfy condition (P), it is necessary and sufficient that a * = a * ∩ δC 2 ⊕ a * ∩ dC 0 , where C p denotes the vector space of p-forms and d and δ denote the exterior derivative and coderivative respectively. Theorem 1 and a theorem of Koszul [4] lead us to the following theorem.
Theorem 3. Let V be a compact complex manifold and suppose that the group A(V ) of complex automorphisms of V acts transitively on V . If the fundamental group of V is finite and the Euler characteristic of V is not zero, the Lie group A(V ) is semi-simple.
2
Let (V, g) be a Riemannian manifold. We denote by d and δ respectively the exterior derivative and coderivative and by ∆ the Laplacian of G. de Rham, and by K the operator on 1-forms defined by
where R ij denotes the components of the Ricci tensor 2 . For every 1-form α we have 
for every 1-form α. As the covariant derivatives of I vanish, we deduce from (1) and (2) the formula
We recall the following results due to Bochner, Yano and Lichnerowicz.
Lemma 1.
3 Let (V, g) be a compact Riemannian manifold. For a 1-form η on V to be a Killing form, it is necessary and sufficient to satisfy the conditions ∆η = 2K(η) and δη = 0.
Lemma 2.
4 Let (V, g) be a compact Kähler manifold and let ξ be a conformal form. We then have ∆(ξ) = 2K(ξ).
Lemma 3. Let (V, g) be a compact Kähler manifold. For a 1-form η to be a Killing form, it is necessary and sufficient for η to be conformal and δη = 0.
Indeed, if η is conformal and δη = 0, η is a Killing form by Lemma 1 and Lemma 2. Conversely, let η be a Killing form. Denote by the same letter η the Killing vector field corresponding to the form η. Since η is Killing, the Lie derivative θ(η) · α of any harmonic form α is zero. Let K be the Kähler form associated to the Kähler metric g. For every vector fields ξ, ζ on V we have K(ξ, ζ) = g(Iξ, ζ). Since the form K is harmonic, we have
for all vector fields ξ, ζ on V . On the other hand, we have θ(η)g = 0 and therefore
. η is therefore conformal. Lemma 3 is thus established.
Lemma 4. Let (V, g) be a compact Kähler manifold and let ζ be a Killing form on V . We then have dIζ = 0.
By Lemma 3, ξ is conformal. Let (z α )(α = 1, . . . , n) be local complex coordinates and let (ζ α , ζᾱ)(α = 1, . . . , n) be the components of ζ. As ζ is conformal and Killing, we have ∇ α ζ β = ∇ᾱζβ = 0, ∇ α ζβ + ∇βζ α = 0(α, β = 1, . . . , n). In addition, (Iζ)
We therefore obtain dIζ = 0.
Lemma 5. Let (V, g) be a compact Kähler manifold and let φ be a smooth function on V . For Idφ to be a Killing form, it is necessary and sufficient that φ satisfy the equation
Indeed, if Idφ is a Killing form, it is conformal by Lemma 3 and consequently dφ = −I(Idφ) is conformal. By Lemma 2 the function φ satisfies equation (4) . Or, conversely, φ is a smooth a function on V satisfying a equation (4)???. Therefore by formula (2) and (3) we have ∆(Idφ) = 2K(Idφ). On the other hand, δIdφ
The form Idφ is therefore a Killing form by Lemma 1.
The next corollary follows from Lemmas 4 and 5.
Corollary. Let (V, g) be a compact Kähler manifold whose first Betti number is zero. Every Killing form ζ on V may be written ζ = Idφ, where φ is a smooth function satisfying equation (4) .
We now prove theorem 1. Let (V, g) be a compact Kähler manifold with Einstein metric g such that R ij = λ 0 2 g ij . We then have 2K(α) = λ 0 · α for every 1-form α. Therefore if ξ is a conformal form, we have ∆ξ = λ 0 · ξ. First suppose that λ 0 = 0 and set α = 1 λ 0 ξ. We then have ξ = ∆α = dδα + δdα. Let δdα = η. Then ∆η = δd∆α = δd(λ 0 α) = λ 0 η and δη = 0. η is therefore a Killing form. On the other hand, if we set δα = φ, we have ∆dφ = ∆dδα = dδ∆α = λ 0 dδα = λ 0 dφ. So Idφ = Idδα is a Killing form by Lemma 5. If we set ξ = −Idφ, ξ is a Killing form and we have dφ = dδα = Iξ. We have then demonstrated that every conformal form ξ may be written ξ = η + Iξ, where η and ξ are Killing forms. Conversely, if η and ξ are killing forms, ξ = η + Iξ is conformal. We therefore have a * = g * + I · g * and this relation is clearly equivalent to condition (P) 5 . Now let λ 0 = 0. Then R ij = 0 and consequently K(α) = 0. It follows that if ξ is a conformal form, we have ∆ξ = 0. ξ is thus harmonic and consequently δξ = 0. By Lemma 1 ξ is a Killing form. Conversely every Killing form is conformal. It follows a * = g * and hence a = g = g + I · g. In this case the largest connected group of complex automorphisms of V is a complex torus, because it is a compact complex Lie group. Theorem 1 is thus proved. Now let (V, g) be a compact Kähler manifold. We denote by h 1 the vector space of harmonic 1-forms on V and by C p (p = 0, 1, 2) the vector space of p-forms on V . According to the well known result of Kodaira-de Rham, we have
is the subspace of C 1 of all the 1-forms α such that δα = 0 (resp. dα = 0). It follows from this and from lemmas 3 and 4 that g * = a * ∩ (h 1 + δC 2 ) and that I · g * ⊂ a * ∩ (h 1 + dC 0 ). Now assume that hte first Betti number of V is zero. It follows h 1 = (0). Let dφ ∈ a * ∩ dC 0 . By Lemma 2 and Lemma 5, Idφ = −ζ is a Killing form and dφ = Iζ. We therefore have Ig * = a * ∩ dC 0 . As a result, for the compact Kähler manifold (V, g) to satisfy condition (P), it is necessary and sufficient that a * = a * ∩ δC 2 + a * ∩ dC 0 . Theorem 2 is thus proved. Now let V be a compact complex manifold such that the fundamental group is finite and such that the Euler characteristic is not zero. Suppose that the group A(V ) of complex automorphisms of V is transitive on V . As the manifold V is connected, the connected component of the identity A 0 (V ) of A(V ) is also transitive on V . Let G be a maximal compact subgroup of A 0 (V ). According to a theorem of Montgomery [5] , G is transitive on V . Let B be the isotropy group of G at a point p of V . Since the Euler characteristic of V is not zero, B is a subgroup of maximal rank of G [3] . As G is effective on V , G is semi-simple, otherwise the subgroup B would contain the center of G. According to a theorem of Koszul [4] , V then admits a Kähler-Einstein metric g invariant under G. The Kähler manifold (V, g) therefore satisfies condition (P). As a result the Lie algebra a of A 0 (v) is identified with the complexification of the Lie algebra g of G. As g is semi-simple, a is also semi-simple. Theorem 3 is thus proved. 
